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Modification of the Delves Variation Principle
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(Z. Naturforschg. 20 a, 13— 16 [1965] ; eingegangen am 1. Oktober 1964)

A variation principle, similar to the D elves principle, is given for the (real) wave function itself. 
The principle does not give a bound. The relationship between both principles is discussed. — 
After proper generalization a variation principle for arbitrary probability amplitudes (or generaliz­
ed F o u r ie r  coefficients) is obtained.

1. Introduction

Variation principles for the bound state wave 

function yJ0(r) of the Schrödinger equation

H y 0 =  E0y 0 (1.1)

have been given previously by B iedenharn and 

B latt l , and by D elves 2. The variation principle of 

B iedenharn and Blatt requires trial functions for 

a complete set of eigenfunctions and is therefore of 

a rather complicated nature. D elves succeeded in 

reducing the number of trial functions to two, 

yjQT(f*) and ipm (r), but his principle determines 

only the square of the wave function. Moreover, 

since his variation functional [y0* y 0] is not positiv 

definite, difficulties may arise in practice as soon 

as [t/’o* Vo! turnes out to be negativ for certain 

values of I*.

It is the purpose of this paper to show how these 

difficulties can be removed by a proper modification 

of the D elves principle. A principle for yi0 itself 

instead of | ip0 \2 is given showing a close similarity 

with the original principle. This similarity, however, 

becomes less dominant, if the new principle is gener­

alized to a wider class of physical quantities. For 

then it turns out that the principle — unlike the D el­

ves case — permits the calculation of probability am­

plitudes rather than of mean values (sect. 5). As in 

the paper of D elves the considerations hold for an 

arbitrary number of dimensions in the configuration 

space, with f* comprising all variables in the wave 

function.

2. Modification of the Delves Principle

We restrict ourselves to real HAMiLTONians H, so 

that yj can be assumed to be real. D elves considers

1 L. C. B iede n ha rn  and J.M . B latt, Phys. Rev. 93, 230 [1954].

2 L. M. D elv es , Nucl. Phys. 41, 497 [1963].

the equations 3

(ff(r') -£,)V(1(r') =0  , / VoHr’) Ar' = 1, (2.1) 

(H(r') -£0)y,(r',r) = (-l-<5(r'-r))y0(r') (2.2)

where X is a constant in v'. On multiplying (2.2) 

on the left by ip0(r') and integrating we find

X =  H r ) = W ( r ) .  (2.3)

Now according to D e l v e s ,  independent variation of 

xp0 and in the functional

l>o2] =  Vo2(**) + 2 /  Vq{H-Eq) Vi dr' (2.4)

subject to the normalization (2.1) yields eqs. (2.1), 

and (2.2) as the E u l e r —L a g r a n g e  equations while, 

conversely, fulfilment of these equations makes the 

variation of [^o2] zero, and [y02] = ^ 2{V). Hence 

(2.4) is a variation principle which determines the 

square of the wave function to second order,

y02(f) (r) +2 f vvr (H-E0) y1Tdr'
+ O(e02,e0e1) (2-5)

=  W \ r  + O (e 02, £0 £ i)

if the trial functions yoT and ViT are °f accuracy e0 

and et .

In a region where Vot(1*) is small, [y v I t may 

well become negative. We therefore look for a way 

to linearize the expression on the right of (2.4). First 

we note that equation (2.2) together with (2.3) can 

be written as

(H(r') -E0)yjx(r', r)=(ip02(r) -d(r'-r))y0(r') 

= Vo(r)(y0{r') y0(r) -d(r'-r)), (2.6)

where we have made use of

/ (r ')  d{r'-r) =f{r) d(r'-r) (2.7)

3 Notations are slightly changed.
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for arbitrary / ( f ) . Hence the function

Vi(r',r) =v'1(r\r)/v>0(r) (2.8)

satisfies

(H(r')-E0)y)t{r',r) =y0(r') xpQ{r) -d(r'-r),
(2.9)

and (2.4) takes the form

l> o 2] =  v V ( r )  + 2 V o (r ) /  V o ( H - E 0) V i d r  

= W*(r) + 2  V o (r ) (2 .10 )

where we have introduced ^  for abbreviation. Eq. 

(2.10) suggests a quadratic completion

I> o 2] = (V o ( r ) + ^ ( Y V ¥ 5i ) ) 2 - ^ 20 /V  ^ i )- (2-11)

Now since ^ '(vV V i) vanishes for the solution of

(2 .1) we have

t/;0(r) + F(v0, ^ i ) =  l> o L  (2 .12 )

and this further suggests that we should try the 

quadratic expression

[¥o1t= O o 2] t + ̂ 2(W t, V it) (2.13)

rather than [Vo2] as a variation functional for

y02[r).
Indeed,

< H l> o ]2} =  <5l> o 2] + 2 f ( v 0, v i1) d F ( y 0, V i)  = °

(2.14)

if and Vi satisfy (2.1) and (2.9). Moreover, 

since

<5{[Y>c,]2} =  2[Vo]<5Wv 1. (2.15)

it follows immediately (apart from the case [y0] =  0) 

that even

<Hv0] = 0 . (2.16)

Consequently, we are lead to consider the “linear” 

functional

[Vo]t =  ¥Vr(r ) +F(V(n:, Vit)- (2.17)

Conversely to (2.16), on varying Vo and y)l in 

(2.12) independently, subject to the normalization

(2.1), we obtain again the eqs. (2.1), (2.9). The 

latter can be reduced to (2.2) by means of the sub­

stitution (2.8). Hence

VoW =V<n:(r) + fv<n(H-E0) v1Tdr'

+ O(e02, £0 £j)

= [V01T + 0 ( eq2, £i) (2.18)

is a variation principle for the wave function itself. 

In the case of arbitrary variations it leads essentially

to the same E u l e r - L a g r a n g e  equations as (2.5). 

Neither principle gives a bound.

The energy E0 can be removed from (2.18) quite 

analogous as in the D e l v e s  case by introducing the 

additional orthogonality condition

J  Vo Vi dr' =  0 (2.19)

which is readily proved by applying the method of 

LAGRANoian multiplicators. Both principles exhibit 

a variety of other similarities. For example, writing 

in (2.18)

Wm(r)= f  yor(r') S (r '- r)  dr' (2 .20 )

and substituting for d(r' — r ) the corresponding 

lower dimensional delta function of a subspace 5 , 

yields a variation principle for the function /  Vo dS 

of the remaining coordinates.

3. Comparison of the two Principles

As we have seen, arbitrary variations in both 

principles lead to the same E u l e r —L a g r a n g e  equa­

tions provided the functions ViT and ViT obey the 

relation

ViT =  VlT-Vo(r ) (3-l)

where Vo *s ^ e  exact bound state solution of (1.1). 

Now the question arises whether this close relation­

ship between (2.5) and (2.18) will be maintained 

if given analytical forms containing a number of 

parameters a?- are used, and the parameters varied 

until stationarity is reached. The answer depends on 

the choice of normalization, or more accurate, of 

“relative” normalization, between ViT ar*d ViT- Here 

relative normalization means a relation of the type

(3.1). For in general the stationary values a /s)(r) 

of the parameters in both principles will coincide 

only if the condition

W n (r ', otj) = V 1T W r ( r ,  a;(8) (r ))  (3.2)

is satisfied for the given analytical forms. Eq. (3.2) 

clearly reflects the above relation (3.1) as a limit, 

since

ai(s)(r ))- >  Vo(r ) (3.3)

for sufficiently flexible trial functions Vot and V it • 

To verify (3.2) we compare the two stationarity con­

ditions:
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(A) 3a- ! 2 f V'fcrto) ( ^ - ^ o )  V iT (o ti)d r' + ^ 0T (r, a t) j = 0 ,

(7= 1, 2, . . . )

3a- ! f V0T («i) ( H - E o )  v>iT (a i)d r ' + y < n (r ,  a*) J = 0 .

(3.4)

(B)

Using (3.2) we find

(A) Wr(»*, <*i®(r))--A J  yo rfo ) (H -  E0) yjnict^dr' + yj(fr(r, a{) • J L y ^ r ,  a,) = 0

(B) 5a /  ^ ~ £ o) VlT(af)d r '+  ^  VonCr, a*) = 0

(7 =  1, 2, . . . ) (3.5)

Now assume that (A) in (3.5) determines the 

parameters aj =  a /s)(r) as used in (3.2). Since 

Vot(1% a() does not vanish identically, (A) then 

reduces to a set of equations of form (B), hence 

(A) and (B) have equal solutions a (r ).

Take, for example, the one-dimensional case. 

Following D e lves , the “ absolute” normalization for 

y)rr may be established by the discontinuity of slope 

in the function xpx(x ). From (2.9) we obtain

d̂ >iT dŷ iT
dx' x+s dx’

=  1 (3.6)

and consequently, (3.2) requires 4

= y<rr(x, a / s) ( * ) )
d^iT

dx ' x+s

dyiT

dx'
(3.7)

if coincidence of the parameter values in both prin­

ciples is desired. For the slightly different choice

dyiTd^iT

iZ+E dx '
=  V > o t ( * ,  cti) (3.8)

where the a* take part in the variation, the stationary 

values a are no longer equal.

The dioice (3.2) is of some interest because it 

allows to derive from (2 .11), (2.12) and (2.17) 

the following simple relation between the variatio- 

nally calculated quantities of both principles:

[>o2] s t=  O o Is t  ~ ^ 2(W r, V it)

=  [VolsT — ( [VolsT — VoSt) 2 

=  V;ost(2[v '0]st —Vost) • (3.9)

[Here y-’osT stands for (r, a / ŝ (l*)) etc.]

Hence I>o2]st ^  OoIst- (3.10)

Now assume that the exact wave function has one 

or several zeros Tk (excited state). If the inserted

4 D e lv e s  uses sometimes — VlT instead of if  i t , hence the 
opposite sign in his eq. (4.3).

analytical forms y<)T and V it are not too poor they 

will be flexible enough to bring about a [v^oIst with 

zeros r k in the vicinity of the exact zeros. Moreover, 

yosT itself will have zeros which to some degree can 

be related to the exact . In  general5, however, 

the zeros of [^o]st and Vost wiH not coincide, so 

that we have

FgT jr=P* =  { [^o] ST — ^OST}r  = rk 4= 0  ,

{[Vo]st} ^  =  0. (3.11)

For such a situation we may conclude from (3.9) 

that

{ M s t K - ; «  < 0  (3 .1 2 )

i. e. no real value of the wave function can be de­

rived. Since rk approximates the exact T̂ , the 

Delves variation principle with the above choice 

(3.2) of normalization, as a rule, does not permit 

the calculation of the zeros of a bound state. The 

typical behaviour of [i^o2]sTnear a zero r k is shown 

in Fig. 1. Obviously, the function [^oJst inter­

polates the values of ± ( [vV ]st)'/i in the vicinity 

of the region PQ. A quite similar situation may oc-

Fig. 1. Behaviour of the variation functionals in the vicinity 

of a zero xk . Solid curve [ydST; dashed curve [i/V1st ; heavy 

dashed curve + ]/ [vVl ST; dot-and-dash curve [v>o2] ST •

5 For special analytical forms of i/̂ oT and xpn it is possible 
to make FST vanish identically for arbitrary r , so that 

[YV!]st=  [Voll •
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cur with the “zero” at F =  oo. Since the variation 

principles (2.5) and (2.18) do not “conserve” the 

normalization of xp,0t  , the functions [ V̂ ol st ar|d 

[V’o2] st must be re-normalized, and relation (3.9) 

clearly breaks down for the normalized functions. 

But since all functions are altered only by positive 

factors, the qualitative behaviour according to Fig. 1 

remains unchanged.

4. Generalization: Variation Principle for 

Probability Amplitudes 6

So far we have only cosidered a special ca^e ol 

the D e l v e s  variation principle, namely the principle 

for the square of the wave function. In general the 

D e l v e s ’ principle holds for the mean values of arbi­

trary Ü E R M iT ian  operators. Hence the question arises 

whether our principle (2.18) can be generalized to 

a wider class of physical quantities. This is, in fact, 

the case. These quantities however, turn out not to 

be mean values but probability amplitudes (or ge­

neralized F o u r ie r  coefficients). This is in agreement 

with the fact that the wave function itself is a prob­

ability amplitude, namely that of a state vector with 

respect to the eigenstates of the coordinates.

To prove this we start with the equations

(H (r') - E 0)yj0(r') = 0, f  t /y ^ r ')  d r ' =  1 , (4.1) 

(H (r ') - £ 0)v>i(r', r) = f  l y 0(r ') - a ( r ')  (4.2)

6 A report of this section has been given previously: K. M ü l ­
le r ,  Physics Letters 11, 238 [1964].

which are generalizations of eqs. (2.1) and (2.9) 

The constant now has the value

0a d r '= ( y 0 \a) (4-3)

which is the probability amplitude of the (real) 

bound state j ip0) with respect to a given arbitrary 

(real) state j a) . It is then easily shown that

(V’o «) =  /  W r a d r ' -i- J  ^ ( H  - E0) ip dr'

+ O ( £ 02, e „ « i )

= [ (V’o I o )] t+  Ö ( f02, f 0£l ) (4.4)

is a variation principle for the (real) quantity 

(ip0 a) , provided «/’ot and ViT are varied as above. 

By setting a = d ( r  — r') the principle reduces to the 

special case (2.18). A variation principle for the 

first derivatives of the wave function is obtained 

by the choice

o =  d ( r - r ' )  . (4.5)
OXi

If a (r  ) is a complex function variational approxi­

mations of (ip0 Re{a}) and ( y 0 Im {a}) may be 

calculated separately from (4.4). Then

[ ( Vo « ) ] st =  [ ( V’o ! R e{ ° } ) Lst + * [ ( V’o I I r n { a } ) ]st

is also variational. Hence, for example, the principle 

allowes a point by point calculation of the F o u r ie r  

transform /  ip0 ( r )  exp{ (i k  r ') d r7} of the (real) 

bound state y 0(T) for arbitrary values of k  .
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